One of the most common applications in statistical process monitoring is the use of control charts to monitor a process mean. In practice, this is often done with a Shewhart X chart along with a Shewhart R (or an S) chart. Thus two charts are typically used together, as a scheme, each using the 3-sigma limits. Moreover, the process mean and standard deviation are often unknown and need to be estimated before monitoring can begin. We show that there are three major issues with this monitoring scheme described in most textbooks. The first issue is not accounting for the effects of parameter estimation, which is known to degrade chart performance. The second issue is the implicit assumption that the charting statistics are both normally distributed and, accordingly, using the 3-sigma limits. The third issue is multiple testing, since two charts are used, in this scheme, at the same time. We illustrate the deleterious effects of these issues on the in-control properties of the ( , ) XR charting scheme and present a method for finding the correct charting constants taking proper account of these issues. Tables of the new charting constants are provided for some commonly used nominal in-control average run-length (ICARL 0 ) values and different sample sizes. This will aid in implementing the ( , ) XR charting scheme correctly in practice. Examples are given along with a summary and some conclusions.
Introduction
For decades control charts have been used as effective tools for detecting process changes that may affect the quality of products and services. In most cases the process is assumed to be normally distributed, and the goal is to monitor the mean (  ) of the process with a Shewhart X chart. However, even though the mean  may be the quantity of interest, the standard deviation  is also monitored with a Shewhart R (or an S) chart. This is because the X control chart limits depend on  and therefore unless  is in-control (IC), the X chart does not convey much meaning. The bottom line is that two charts are used, as a charting scheme, to make a decision about the status of the process. The process is considered to be IC whenever both charts plot within their respective control limits and display random patterns. On the other hand, the process is declared out-of-control (OOC) when at least one of the charts shows an OOC situation, such as a point outside of the control limits or points exhibiting a nonrandom pattern.
For simplicity we assume that the Shewhart X chart and the Shewhart R chart are used to monitor the process mean (  ) and the process standard deviation ( ), respectively. We use the Shewhart R chart even though recent literature recommends using a different spread chart, such as the Shewhart S chart, see for instance Mahmoud 1 . We do this because the Shewhart R chart is simple and continues to be used in industry. However, our ideas can easily be extended to other two-chart schemes for the mean and the variance of a normal process, including the Shewhart ( , ) XS charting scheme, and other more sophisticated two-chart monitoring schemes involving the cumulative sum (CUSUM) and the exponentially weighted moving average (EWMA) charts. Note that, from this point forward we will refer to the Shewhart X chart, the Shewhart R chart and the Shewhart S chart; as the X chart, the R chart and the S chart, respectively.
Even though a lot of work has been done on monitoring the mean and the standard deviation of a normally distributed process using Shewhart or Shewhart-type charts (Quesenberry 2 , Chen 3,4 , Chakraborti 5, 6 ), few studies (for example, Diko et al.
(2014)) seem to have considered the design and performance of the X and R charts as they are applied together as a charting scheme. According to the current practice, the X chart and the R chart are constructed independently, each using the estimated 3-sigma limits, which are calculated from a Phase I reference sample. We show that this practice is incorrect, which results in the average run-length (ARL) being significantly off from the nominal value. In fact, the ARL is often shorter, which implies that the false alarm rate is more than what is nominally expected. We then derive and present the new charting constants to help practitioners to run the ( , ) XR charting scheme at the desired nominal level.
This paper is organised as follows: we first illustrate the ideas with an example (Example 1), showing how monitoring the process mean is presently done in industry.
This sets the stage. We then consider two cases (i) the case when the mean is known or specified but the standard deviation is unknown (denoted Case KU) (ii) the case when both the mean and standard deviation are unknown (denoted Case UU). The
Case KU is important since it often arises in practice in meeting specifications for a process. The Case UU is the general case where not much is known about the process parameters, such as in a start-up situation. For each case, we analytically derive the unconditional in-control average run-length (denoted by ICARL, see Appendix A) of the ( , ) XR charting scheme, with the estimated 3-sigma limits. This is the IC average run-length averaged over the distribution(s) of the parameter estimator(s). We show that the values of the ICARL can be far lower than the specified nominal IC average run-length, denoted by 0 ICARL . This is obviously a major issue since there will be lots of unexpected false alarms. Following this, we present a method for correcting these control limits; which accounts for the effects of parameter estimation, use of the estimated 3-sigma limits and multiple testing. Finally, we give an illustration using P a g e | 4
the same data from the first example but applying the corrected limits and contrast the results. It is seen that the corrected limits can alter decisions. We conclude with a summary and recommendations.
Example 1
To set the stage, we constructed the X chart and the R chart, with the estimated 3-sigma limits, in Case UU, using the data set on measurements of the flow width of the 
Figures 1a and b help to illustrate the ( , )
XR charting scheme, with the estimated 3-sigma limits, as presently used in the industry. As always, the R chart is examined first. This is done because the control limits of the X chart depend on the estimate of process variability (see Equations (1) and (4)). From Figure 1b it is seen that the variability is IC, and so we go on to examine the X chart in Figure 1a . Figure   1a shows that the process mean is IC until the 18 th sample when the X chart gives a signal. However, whether this is a genuine signal or a false alarm could be questioned based on three issues.
The first issue is the effect of parameter estimation, which is not accounted for by the control limits used in either of these charts. It is well-known that using parameter estimates instead of known parameters without accounting for the additional variability introduced by parameter estimation degrades chart performance (see Jensen et al. 8 , Quesenberry 2 ). In fact, based on the current available information in the literature, we suspect that the unconditional ICARL for the charting scheme P a g e | 5 however it does play a role in finding a correction.
In summary, while monitoring the mean, when parameters are estimated, the control limits of the ( , ) XR charting scheme need to be corrected so that the effects of parameter estimation are correctly accounted for along with the effects of using the estimated 3-sigma limits and multiple testing. We do this by first using the conditioning technique developed in Chakraborti 5 , then applying a correction to take account of multiple testing and finally using the probability limits. We start with Case KU.
Mean known and standard deviation unknown (Case KU)
In a number of practical situations, one has a specified value of the mean of the process to monitor, but the standard deviation of the process is unknown. This is Case Typically, the estimated lower and upper control limits of the X chart, with the estimated 3-sigma limits, are expressed as
respectively, where
is the unbiased estimator of  , R is the average of the Phase I sample ranges and 2 d is the unbiasing constant, defined later.
Note that, the performance of a Phase II control chart is judged in terms of its run-length distribution and certain characteristics, such as the ARL and the standard deviation of the run-length (denoted by SDRL). The run-length (denoted by N) is a discrete random variable that represents the number of subgroups which must be collected in order for the chart to give the first signal. It is well-known that when the mean and the variance of a process are both known or specified (the so-called standards known case, denoted by Case KK), and the process is IC, the run-length distribution is geometric with the parameter equal to the nominal false alarm rate (denoted by FAR 0 ) and mean equal to the nominal ICARL 0 . However, this is not the case when any of the parameters is unknown and are estimated. Thus, assuming that the process is IC and that some value(s) of the Phase I parameter estimator(s) have been observed, it is now well known (see, e.g., Chakraborti 5 ) that N follows a geometric distribution with the parameter equal to the conditional false alarm rate (denoted by CFAR) and mean equal to the conditional in-control average run-length (denoted by CICARL). The word conditional refers to the fact that these values are calculated for given values of the parameter estimates, for the given Phase I sample.
Thus, the CFAR and CICARL are random variables and so their values can be radically different from the nominal FAR 0 and the nominal ICARL 0 , respectively.
Studies of control chart performance have mostly focused on the unconditional run-length distribution and its associated characteristics, such as the unconditional ICARL (see Jensen et al. 8 ). Accordingly, in this paper, we use the unconditional ICARL to evaluate chart performance and to make design recommendations when any of the process parameters are unknown.
Against this background, we derive an expression for the unconditional ICARL for the X chart, with the estimated 3-sigma limits, in Case KU (see (A4) and (A3) in Appendix A) and tabulate it in Panel (a) of Table 1 An examination of Panel (a) in Table 1 is often recommended in textbooks, the attained unconditional ICARL value for the scheme is 49% above the nominal value, which is unacceptable. However, the attained unconditional ICARL values converge to the nominal ICARL 0 = 370 value of 370 as m increases, which is to be expected for the X chart. But, this convergence is not seen for the R chart as well as for the two-chart ( , ) XR charting scheme. We discuss these next. We start with the R chart.
Shewhart R control chart, with the estimated 3-sigma limits
The plotting statistic for the R chart, with the estimated 3-sigma limits, is the sample 
are the mean and the standard deviation of the IC distribution of the sample relative range
The expression for the unconditional ICARL of the R chart, with the estimated P a g e | 11
3-sigma limits, in Case KU, is derived in Appendix A (see (A8) and (A7)) and is tabulated in Panel (b) of Table 1 In summary, using the normal approximation along with the 3-sigma limits to construct the R chart is highly aggravated by the effects of parameter estimation, so much so that even if the Phase I sample size is increased dramatically, it does not guarantee the desired nominal performance and, in fact, it becomes counterproductive.
Next we discuss the effects of multiple testing, that is, the use of the X and R charts, with the estimated 3-sigma limits, in order to monitor the mean of the process.
Shewhart ( , )
XR charting scheme, with the estimated 3-sigma limits
As noted before, in practice, the X chart with the estimated 3-sigma limits is used together with a spread chart, such as the R chart, with the estimated 3-sigma limits, to make decisions about the status (IC or OOC) of a process. This charting scheme gives a signal when at least one of the two component charts, the X or the R chart, signals. 
New control limits corrected for parameter estimation, the estimated 3-sigma limits and multiplicity effects
We understand the need to select the control limits on the component charts of the ( , ) XR charting scheme in a way that accounts for the additional variability caused by parameter estimation, corrects for the use of the estimated 3-sigma limits (implicit normal approximation for both charting statistics) along with the multiple testing issue, as a function of the available data. We accomplish this by first using the conditioning technique developed in Chakraborti 5 , then applying the correction (due to multiple testing) and finally using probability limits. This is described next.
The unconditional ICARL of the ( , )
XR charting scheme, with the estimated probability limits, in Case KU, can be expressed as (see (A14) in Appendix A) for p, using the software package R. Once p is found, the corrected (probability) control limits for the X and the R charts are found from the corresponding percentiles of the standard normal distribution and the distribution of the relative range, respectively. Some results are shown in Table 2 . greater than the conventional charting constant k = 3 in Equations (1) and (2),
respectively. This means that the X chart constructed, using the corrected charting constants in Table 2 , will have wider control limits. This will help in reducing the higher false alarm rate (or increasing the unconditional ICARL) of the overall ( , ) XR charting scheme. In addition, for the R chart, note that using the probability limits along with the charting constants in Table 2 ensures that the LCL of the R chart is never negative. This means that decreases in the process standard deviation that are often undetected by the conventional R chart (the LCL is negative and hence set equal to 0) will now also be detected by the ( , ) XR charting scheme, with corrected control limits. Further, using the R code provided in B1 of Appendix B, it can be shown that P a g e | 15 the charting constants in Table 2 perform as specified, i.e. they deliver the desired nominal 0 ICARL .
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Next, we consider the ( , ) XR charting scheme with the estimated 3-sigma limits in Case UU. Recall that this is the situation when both the process mean and the standard deviations are unknown.
Mean and standard deviation both unknown (Case UU)
Again, since the properties of the charting scheme depend on the properties of its component charts, we review the component charts first. We assume that a Phase I sample of reference data, m subgroups, each of size n, is available for parameter estimation.
Shewhart X control chart, with the estimated 3-sigma limits
In Case UU, for a nominal ICARL 0 = 370, the X chart, with the estimated 3-sigma limits, is given in Montgomery 7 , Chapter 6 by Table 3 for n = 5 and various values of m. Similar to Case KU (see Table 1 ), the PD values are also given. It can be seen that the attained unconditional ICARL values differ (sometimes dramatically) from the nominal value, since the PD values range P a g e | 17
from as little as 1% (m = 500) to as much as 352% (m = 5). Note also that as in Case KU, the PD values are all positive. Also, the attained unconditional ICARL values converge to the nominal ICARL 0 = 370 as m increases. Again, this convergence is not seen for the R chart as well as for the two-chart ( , ) XR charting scheme. Since the R chart, with the estimated 3-sigma limits, has been discussed earlier in Case KU; we move on to discuss the ( , ) XR charting scheme, with the estimated 3-sigma limits, in Case UU. 
The Shewhart ( , )
As noted before, in practice, the X chart, with the estimated 3-sigma limits, and a spread chart, such as the R chart, also with the estimated 3-sigma limits, are used P a g e | 18
together to make decisions about the status (IC or OOC) of a process. This charting scheme gives a signal when at least one of the two component charts, the X or the R chart, signals. We now study the IC performance of this two-chart scheme in Case UU.
The unconditional ICARL of the ( , ) XR charting scheme, with the estimated 3-sigma limits, in Case UU, is derived in Appendix A (see (A22) and (A21)) and is tabulated in Panel I of Table 3 indicates many more false alarms than expected. For m = 50, 100, 500, the attained unconditional ICARL values for the scheme are 56% to 62% below the nominal value, which indicates even more false alarms than nominally expected, even though the Phase I sample has been increased. On the whole, these results show that using the X chart and the R chart, with the estimated 3-sigma limits, together in a charting scheme reduces the unconditional ICARL and hence increases the FAR by a substantial amount. This should be a cause for great concern. Again, as we did for Case KU, we need to adjust the control limits on the component charts in a way that accounts for parameter estimation, using the estimated 3-sigma limits and multiple testing;
otherwise the charting scheme runs the risk of being too expensive and hence useless in practice. This is described next.
New control limits corrected for parameter estimation, 3-sigma limits and multiplicity effects, in Case UU
The method for finding the new charting constants for the ( , ) XR charting scheme, in Case UU, is similar to the method that was described for Case KU. Some results are shown in Table 4 .
Using the R code in B2 of Appendix B, it can be verified that the charting constants in Table 4 yield the unconditional ICARL values that are equal to the nominal 0 ICARL values 370 and 500. Next, we illustrate how Table 4 can be used to implement the ( , ) XR charting scheme, with the corrected limits, in Case UU. We then compare the corrected limits against the estimated 3-sigma limits in Example 1.
Keep in mind that the estimated 3-sigma control limits in Example 1 have not been corrected for parameter estimation, normal approximation and multiple testing. 
Example 2
Again, we use the data set used in Example 1, from Montgomery 7 (p. 244), on the measurements of the flow width of a Hard-Bake process. Recall that, for this data set, both the mean and standard deviation are unknown (Case UU). Using Table 4 
Note that for m = 20, n = 5 and ICARL 0 = 370, the charting constant for the X chart is k = 3.226 from Table 4 . This value is 7.5% larger than the conventional Shewhart charting constant k = 3. Note also that, unlike the Thus, using the corrected charting constants in Table 4 is recommended, because it keeps the unconditional ICARL at the desired nominal level.
Summary and Conclusion
When monitoring a process mean with a X chart, the process standard deviation is monitored first with a spread chart, such as the R chart. However, although these charts are used together, as a ( , ) XR charting scheme, they are often constructed individually using the estimated 3-sigma limits (see e.g., Montgomery 7 ). When parameters (standards) are unknown, they are estimated from a Phase I analysis of retrospective data. We show that in the mean known and variance unknown case (Case KU) and in the mean and variance both unknown case (Case UU), the ( , ) XR charting scheme with estimated 3-sigma limits does not perform as expected due to (i) unaccounted parameter estimation (ii) using the incorrect assumption that the charting statistics are normally distributed and thus using the estimated 3-sigma limits for each chart and (iii) unaccounted multiple testing (or multiplicity). As a result, the false 
